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ROTATIONS IN HYPERSPACE. 

By C. L. E. Moore. 

Received, January 2, 1918. Presented, April 8, 1918. 

In this paper three problems are discussed. First, the resolution 
of a complex 2-vector M , in space of 2 p dimensions into the sum of p 
mutually completely perpendicular simple 2-vectors or planes. It is 
shown that this can always be done and is in general unique. But 
if M satisfies certain product relations the resolution can be effected 
in an infinite number of ways. In four dimensions this relation is 
equivalent to saying that M is what Whitehead 1 calls self-supple- 
mentary. In this case the resolution can be effected in °° 2 different 
ways. 

Second, the application of the preceding to show that a rotation in 
a space of 2 p dimensions leaves p mutually completely perpendicular 
planes invariant. In general these are the only invariant planes. 
But in case the rates of rotation in the p invariant planes are the same 
or differ only in sign there are an infinite number of invariant planes 
which can be arranged in sets of p which are mutually completely 
perpendicular. In 4-space in case the rates of rotation in two com- 
pletely perpendicular invariant planes have the same magnitude 
there are °° 2 invariant planes which are completely perpendicular in 
pairs. 

Third, the consideration of the variety V p left invariant by all the 
transformations leaving the same set of p planes invariant. It is 
found that this variety is of order 2 P . The path curves are curves of 
constant curvature and first torsion and are geodesies on V p . The 
centers of curvature of all the path curves that pass through a given 
point lie on a sphere of p-dimensions having the given point P and 
the point of intersection of the p invariant planes as ends of a diame- 
ter. Through each point pass 2 P path curves which are circles having 
for center and OP for radius. The variety V p can be developed on 
a plane space of p dimensions. 

1 A treatise on Universal Algebra, page 292. 
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The only papers that I know of bearing on rotations in hyperspace 
are given below: 2 

1. Introduction. In terms of the Gibbs Vector analysis an 
infinitesimal rotation in three dimensions can be expressed by the 
formula 3 

r' = r + axr dt, 

where a is a vector along the axis of the rotation and r is any vector 
through the fixed origin. If the rotation is considered as parallel to 
a fixed plane determined by the vectors b, c then it can be represented 
by the formula 

/ = r + (bxc)*r dt. 

By the Gibbs definition of the cross product (a vector perpendicular 
to the plane of the two vectors and of magnitude equal to the product 
■of the lengths of the two vectors into the sine of the angle between 
them, so arranged that the three vectors b, c,b* c for a right handed 
system) this last expression is equivalent to the first. If we wish to 
•extend this to higher dimensions we cannot have a form equivalent 
to the first since the cross product of two 1 -vectors cannot be con- 
sidered as a 1-vector as, in that case, two 1-vectors do not uniquely 
■determine a 1-vector. We will then have to start with a new set of 
•definitions of the products. It must be kept in mind that we may have 
vectors of different dimensions as 1-vectors, 2-vectors, 3-vectors, etc., 
of one, two, three, etc., dimensions. I shall here use the vector 
analysis already set up by Wilson and Lewis. 4 

The cross product of two-vectors extending from the same origin is 
■defined as the parallelogram defined by the two vectors. The product 
is then a 2-vector. The magnitude of the product is equal to the area 
of the parallelogram. Similar definitions are given for the cross 

2 F. N. Cole: On rotations in space of four dimensions. American Journal, 
12, 1889, page 191. 

P. H. Schoute: Le emplacement le plus general dans l'espace a n dimensions. 
Annates de l'Ecole Polytechnique de Delft, 7, 1891. 

Bemporad: sui gruppi dei movimenti. Annali della r. scuola normale sup. 
4i Pisa, 8, 1904. 

E. E. Levi: Sui gruppi di movimenti. Atti dei Lincei Series 5, 14, part 1, 
1905. 

3 Gibbs-Wilson Vector Analysis, page 99. 

4 Space-time manifold of relativity. The non-euclidean geometry of 
mechanics and electromagnetics. These Proceedings, 48, number 11, 1912. 
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product of more than two 1-vectors. The dot product of two 1- 
vectors is defined as the projection of one on the other multiplied by 
the length of the one on which the projection is made. This agrees 
with the Gibbs definition of the dot product of two 1-vectors. This 
product is a scalar. The dot product of two vectors of higher dimen- 
sion is defined as the vector in the larger space perpendicular to the 
smaller. ' The magnitude is equal to the magnitude of the projection 
of the smaller into the magnitude of the larger. If the two vectors are 
of equal magnitude this product is again a scalar otherwise it is a vector. 
This definition differs widely from the usual definition of inner product. 
This product is commutative while the ordinary inner product is not. 
We shall choose unit vectors along mutually perpendicular axes 
for our reference system. Let these reference vectors be hi, !<%,.... k„. 
Then the coordinate planes, 3-spaces, 4-spaces, etc. are 

&12 = kixfa, &13 = hxks, . . . . h TS = k r xk a 

kw= &l x &2 x fe, • • • • k pqr = kpXkqXkr, 



The dot product of these unit vectors are as follows: 

K%' rC{ == 1, Ki' ICj = U, \% 7^ J), 

Kij' Kij = 1, iCij'iCil = v, \J 5^ I), Kij'iCmn == v) \ly J r 1 Tfl, 71) 

h* • . £• . ■ ^— ___ £» . £• . • i« . . — Jt" ■ 
Wi t'tj tjj IV J It l J IV %, 

iCi' fC{jl == tCjl, i£ij' >^%il = ~ Kl etC. 

The dot product of two of these unit vectors vanishes if the smaller 
is not entirely contained in the larger, that is if a subscript appears 
in the smaller which does not also appear in the larger. If the dot 
product vanishes the two vectors are perpendicular. This however 
does not require complete perpendicularity, that is it requires that 
one vector in one is perpendicular to the other while complete per- 
pendicularity requires that every vector in one is perpendicular to 
every vector in the other. To obtain a vector completely perpendicu- 
lar to a given vector we must resort to the complement, which for 
unit vectors is defined as the vector obtained by taking the dot product 
of the given vector with the pseudo scalar. 5 Throughout this paper 

5 The pseudo scalar is defined as the cross product of all the 1-vectors 
arranged so that the value is unity. Thus in 4-space the pseudo scalar is 

kiXhxhxh = him- 
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the word perpendicular shall be used to mean complete perpendicu- 
larity. 

The formular for the reduction of the various products of 1- and 2- 
vectors are, 

(1). a-(b*c) = (a-c)b — (a-b)c 

(2). (a*b)-C= a-(b-C) = -ft-(a-C) 

(3). ax(6-C)=(axC)-6- (a-b)C 

(4). (b-C)-A = -b(C-A) + C-{b*A) 

where a, b, c are 1-vectors and A, C are 2-vectors. 

Now having these definitions an infinitesimal rotation 6 parallel to 
a fixed plane Mi is defined by the equation 

r' = r + Myrdt. 

The length of r' is equal to the length of r. For 

r'-r' = r-r + 2r-(Mi-r)dt = r-r 

The product r-(Mi-r) vanishes since Myr is defined as a vector in 
M\ perpendicular to r. A general rotation can be considered as made 
up of rotations parallel to a number of independent planes. The 
equation for such a rotation is 

r'= r + (Mi + M 2 +. . . .+M k )-r dt. 

The sum of k, simple plane vectors is a complex 7 plane vector or 
2-vector. Therefore we may write the rotation in the form 

(5) r'= r + M-rdt 

where M is a complex 2-vector, that is, is not equivalent to a simple 
2-vector. The canonical form then which (5) may take depends on 
the form in which M may be written. Then we shall first show that 
M can always be resolved into the sum of p mutually perpendicular 
planes if we are working in a space of 2 p dimensions. We first 
consider the cases of four dimensions and five dimensions and then 
generalize to space of any number of dimensions. 

6 A rotation is defined as a rigid motion leaving one point fixed. 

7 Plane vectors in 4-space, for example, are analogous to lines in 3-space. 
We know that the sum of two fines is not a line unless the lines intersect. 
The same is true of plane vectors, their sum is a complex or complex vector 
unless the two simple plane vectors have a line in common. We shall use 
complex as equivalent to complex vector. 
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II. 



2. Complex 2- vectors in 4-space. Let fa, fa, fa, fc 4 be four mutu- 
ally perpendicular unit vectors. Then any 1-vector can be expressed 
as a linear function of these four and any 2-vector (simple or complex) 
can be represented as a linear function of the six coordinate planes 

fai = ki><kj. Thus 

(6) M = auku + aizfaz + auku + (hskx + 024^24 + 034^34- 

From this equation we have at once, A complex 2-wector can be resolved 
into the sum of two simple planes M\ and Mi, one passing through an 
arbitrary 1 -vector and the other lying in a 3-space perpendicular to it. 
For let 

Mi = anku + a 13 fci3 + auku 

This is a simple plane since it is the sum of three simple 2-vectors 
having the vector fa in common. As we could choose for fa a unit 
vector in any direction, this plane can be made to pass through an 
arbitrary 1-vector. Then let 

Ml = 023^23 + 024&24 + a 3 4&34. 

This is a plane since it is the sum of three simple plane vectors which 
lie in the 3-space determined by fa, fa, £4. This 3-space is evidently 
perpendicular to fa since fa • (faxfaxkt) = 0. (If we did not confine 
ourselves to a rectangular set of axes this 3-space would not necessarily 
be perpendicular to fa). We can then write 

M = My, + M 2 . 

The condition that If be a simple plane vector is 

M*M = 
For, 

MxM = (M x + M,)x(Mi + M 2 ) = 2M 1 xM 2 . 

In 4-space the cross product of two 2-vectors is a scalar and if this 
product vanishes it signifies that Mi and Ms lie in a 3-space and con- 
sequently Mi + Mi can be expressed as a simple plane vector. 

A complex 2-nector can always be resolved into the sum of two simple 
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2-vectors, one of which is arbitrary. For, let A be any plane vector, 
then M — \A will be a simple plane if 

(M-\A)x(M-\A) = M*M-2\ MxA = 

MxM 
or X = 

2M*A 

and we can write 

,, MxM . , ,-,. MxM ,. 
M - 2M*A A + {M ~ 2M*A A) 

We shall now show that the complex 2-vector can always be re- 
solved in at least one way into the sum of two perpendicular planes. 
Let 

(8) M = m^Mi + mMi 

where M\ and M 2 are completely perpendicular unit planes and m\ 
and tm numbers. Then indicating (MxM)-M by A we can write 

(9) A = (MxM)-M = 2mim 2 (MixM 2 )-M = 2mim 2 (m 2 M 1 +m 1 M2). 

Solving (8) and (9) for Mi and M 2 we have 

2m 2 2 M - A 

Mi = — 

. 2m(mi — mi 2 ) 

M = 2mm ~ A 
2itii(mi 2 — mi) 

The values of m.\ and m 2 can be computed from the relations 

MM = mj + mi 
AM = 4mimi 
From which we get 



m = i VM-M + VM-A + \ VM-M - VM-A 
irh = h VM-M + VM^A ~ i VMM - VM^A 

It mi t± =i=»n2the solution (10) is unique. 8 If m x = ±m2 the solutions 
become infinite. From (9) we see at once that this relation means 

8 For the non-euclidean geometry considered by Wilson and Lewis this 
resolution was unique since in that case the denominators contained the 
factor toi 2 + mi instead of m-? — m 2 2 . 
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that A = ±itfor the complement of M is =*= M . (From the defini- 
tion of complement, the complement of M is m^M\ + m\Mi). If we 
indicate complement by * we have the relations for 4-space. 

k\ = k 3i , k*n = k a , k* u = fes, k\ = k u , k* 24 = hi, k* u = kw 

Then if a complex is such that M * = ± M it can be written in the form 

M = (ai2&i2 + awkw + a u ku) =±= (ai 3 & 4 2 + aufe + ai^). 

The expressions in brackets are completely perpendicular planes and 
in this case we have a resolution into completely perpendicular planes. 
Hence: A complex 2-vector can always be resolved into the sum of two 
completely perpendicular planes. 

By a proper choice of axes M can be written in the form 

M = mjcn + W2&34 

and if M* = ± M the above resolution is not unique. We shall now 
proceed to investigate this case. We saw that a complex could always 
be resolved into the sum of two planes one of which was arbitrary. 
Let the arbitrary plane be X and write 

M = X + K. 

If r is any vector in X, consider the transformation 

r > = r . M = r-X + r-K. 

r-X is a vector in X and if r' also lies in X, r-K must vanish since X 
and K have no vector in common. But since r was any vector in X 
the vanishing of r-K for all values of r means that K must be com- 
pletely perpendicular to X. Hence the resolution of M into the sum 
of two perpendicular planes resolves itself into finding the planes left 
invariant by the transformation r' = r-M. We shall therefore find 
the planes left invariant by this transformation. 

The invariants of this transformation are more easily found by 
expressing it in the form of a dyadic. From formula (1) we have 

r'ytCij) == \T' Kj)Ki [r ' Ki)Kj 

which can be written as the dot product of r into the dyadic kjkt — 
k{kj. The transformation 

r' = r-M 
then takes the form 
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(12) r' = r-[mi(kiki — fafa) + m?.(k\k3 — k 3 ki)] = *••$ 
where $ = mi^fci — fciA^) + m^ikjci — kjci). 

If mi 5^ ^nh the only 1 -vectors left invariant 9 are 

k\ =±= tfe, &3 = fc ^4. 

For if r = Xifci + X 2 &2 + X^ + X^, 

r' = r-$ = — miXife + W.1X2&1 — rrtiiKja + m^Kjcz 

and if this is to be equal to ,ur- 

(13) miX2 = /LiXi, — miXi = fihz, m^Kt = 1^X3, — 7713X3 = ^4X4 
which can be satisfied only for the values 

X 2 = ±1X1, X3 = 0, X4 = 0; Xi = X2 = 0, X 4 = ± tX3 

If mi — ffh we see that (13) is satisfied by any vector of the pencils 

k\ + iki + X(&3 + ikt), k\ — iki + \(kz — iki), 

that is these vectors are left invariant for all values of X. If m\ = — m 2 , 
the pencils 

h + iki + X3(A; 3 — ik s ), ki — ikz + X(& 3 + ikt) 

are left invariant for all values of X. 

If we apply the transformation twice, that is 

/ = r-$, r" = /•<£ = (r-$)-"I> 

assuming the above form for r we have 

r" = — TOl 2 (Xlfcl + X2fc 2 ) — W2 2 (X 3 &3 + X^)- 

If mi = ±m2 r" is a multiple of r and if mi = =±=m2 = 1, the trans- 
formation repeated twice is a reflection through the origin and of 
course repeated four times is the identical transformation. These 
are the only conditions under which the transformation will close. 
Hence the necessary and sufficient condition that (12) be of finite order 
is Mi = ^nii or M* = ±ilf. In this case there are two pencils of 
invariant vectors while in the general case only four vectors are left 
invariant. 

In order to find the 2-vectors left invariant by the transformation 

9 Invariant here means that r' = ixr. 



EOTATIONS IN HYPEESPACE. 659 

we will express $ in terms of planes (2-vectors). This is done by 
means of the double product of Gibbs. 10 If <t> = 2 k^ is a dyadic 
which transforms 1 -vectors into 1 -vectors then J $*$ = \ 2 (ki^kj) 
(lixlj) represents the same transformation expressed in plane coordi- 
nates, that is a transformation which transforms planes into planes. 
To show this let r and s be two 1-vectors. Then the plane rxs is 
transformed by $ into (r •$)><(*•$) which can be written 

r'xs' = (r-$)x( g -$) = i[(r-$)x( s .$) - (s-$)x( r .$)] 
= §{[2(r-fc,-)Z;]*[2(s-^ 3 ] ~ &(s-h)lMZ(r-k,)l-\} 

= J{S[(r-i,)(*-*y) - (»-*i)(r-iy)](Wy) 

= §S[(rx«).(^ f xZ,.)](/,-x; 3 ) 

-i(rx») •[*»]. 
If $ is the dyadic used in (12) 

(14) $ = m\(kzkx — hh) + m^kjcz — kjct). 
Then 

(15) * = §$x$ = m^knku + m 2 2 k S4 ks4 + mim.2 (kaht + &24A/13 

— &14&23 — fa&u). 
If 

P = 2a<,- kn 
be any complex 2-vector 

P-SlT = TOl 2 ai2fc]2 + WlW2024^13 — Wll^C^U — mitntflljcvi + mi7fl2aiJc24 

and if P- 1 ^ = XP we see that this is satisfied by the planes &12 and £34 
and by the complexes 

ai 3 (A;i3 + £24) + au(k u — k^); a a (ki 3 — hi) + au(A;i4 + £23). 

These complexes satisfy the condition for all values of 013 and 024. 
The invariant planes will then be k& and £34 and the planes belonging 
to either of these pencils of complexes. These last named planes are 
obtained from the values of an : au satisfying either of the relations 

[awfe + hi) + a u (ku — fe)] x [«i3(&i3 + hi) + a u (k u — hz)] = 
[aia(k a — k 24 ) + a u (k u + hs)Mai S (ku — hi) + au(k u + h 3 )] = 

10 See Phillips and Moore, Dyadics occurring in point space of three dimen- 
sions. These Proceedings, vol. 53. 
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These give the values au = = t = ia-iz- Hence the invariant planes are 

(16) (& 13 + k 2i ) ± i(k u — kn), (hs — k 2i ) =*= i(k u + fe)- 
Now if mi = =±= »i2 

(17) ^i = mi 2 [(A;i2fc]2 + fajcu) = fc (&i 3 &42 + k i2 hz + hJc^ + hzh*)]. 
Hence the complex 

(18) P = ankv. + ois^is = b £42) + a u (fci 4 ="= fc-s) + a M k 3i . 

(Both positive or both negative signs are to be taken together), is left 
invariant for all values of 012, aw, au, a si . The planes which belong 
to this system of complexes are determined by the relation 

P*P = anau — ai 3 2 — ai 4 2 = 0. 

Substituting in (18) we have for the invariant planes 

Ki = (aw 2 + a\i)kn + ai 3 a 34 (&i 3 =■= £42) + aua u {ku =■= fe») + a 3 4 2 & 3 4 
The plane 

K 2 = a 34 2 &i2 — a^a^fe =±= k&) — auan(ku =•= k-x) + (a 13 2 + ai4 2 )& 3 4 

also belongs to (18) and is completely perpendicular to K\. Hence 
the planes left invariant by the transformation P' = P-M>i form a two 
parameter family and are completely perpendicular in pairs. The 
planes belong to a three parameter linear system of complexes and 
so must. cut two fixed planes. It is not difficult to see that these are 
the planes (16). The first pair when mi = tth and the second pair 
when mi = — m 2 . We can now write 

M s= mi{kn + k 3i ) = - - m \ (Ki + K 2 ). 

a 3 4 + Oi 3 2 + avt 

Hence the theorem may be stated: Any complex 2-vector can be 
resolved into the sum of two completely perpendicular planes. If 
M* j± =*=M the resolution is unique. If M* = *=M the resolution 
can be made in «> 2 ways. 

3. Complex 2-vectors in 5-space. In 5-space a complex 2-vector 
M can be resolved into the sum of two simple plane vectors. For, 
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.if we express the complex in terms of the unit coordinate planes we have 

5 5 4 

M = 2 a t jk {j = 2 afjcsj + 2 a^faj. 

i,j =1 1 i,j= 1 

The sum "Laafaj represents a simple plane vector since each term 

4 

in it contains the vector fa. The sum 2 a^ka represents a complex 
2-vector lying in the 4-space determined by fa, fa, fa, & 4 and hence 
can be expressed as the sum of two plane vectors in this 4-space, one 
of which is arbitrary. The plane A = Sogfeej will cut the 4-space 
ki x fa x fa x ki in a 1-vector. Now resolve 2 a^a into the sum of two 
simple plane, B + C and choose B so that it will contain the vector in 
which A cuts the 4-space. Since A and B have a vector in common, 
A + B will be a simple plane vector D and we have M = C + D 
where C and D are simple planes. Neither of these planes can be 
chosen arbitrarily as was the case in 4-space. It follows from the 
fact that a complex vector is always expressible as the sum of two 
plane vectors that it must necessarily lie in a 4-spaee. This 4-space 
is the same no matter how the complex M is expressed as the sum of 
two simple planes. For, if 

M = Mi + M 2 
where M\ and M% are simple planes, then 

M xM = 2Mi*M 2 

But JfxM is the same however M is expressed hence the 4-space 
Mi*M 2 must be the same however M is expressed as the sum of two 
plane vectors. Since a plane- vector in 4-space can be resolved into 
the sum of two completely perpendicular 2-vectors the same holds 
true for complex 2-vectors in 5-space. Just as in 4-space if 

M = \(Mi + M,) or M = X(Jfi - M,) 

where Mi and M 2 are completely perpendicular unit planes, the 
resolution into the sum of perpendicular planes can be effected in 
oo 2 ways. 

Besides leaving the four imaginary vectors found in 4-space invari- 
ant, the transformation r-M in 5-space annihilates the real vector 
perpendicular to MxM. The products of this transformation then 
with itself can never be equal to the identical transformation. If 
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M = Mi ± Mi where M\ and Mi are unit planes, then the trans-, 
formation repeated four times will be the identical transformation 
for vectors in M*M. 

4. Complex 2-vectors in space of 2p dimensions. We shall 
first show that if a complex 2-vector in a space of 2p dimensions can 
be resolved into the sum of p independent simple plane vectors one of 
which passes through an arbitrary 1 -vector then a complex 2-vector 
in a space of 2p + 1 dimensions can also be resolved into the sum of p 
independent simple plane vectors but in this case no one of the simple 
2-vectors can be made to pass through an arbitrary 1 -vector. To show 
this it is only necessary to write the complex in 2p + 1 dimensions 
in terms of unit coordinate planes 

2p+l 2p+l 

M = S ai,hj + 2 atjkij. 

1 2 

The first sum represents a simple plane vector since each term contains 
the vector ki. The second sum represents a complex 2-vector lying 
in the space of 2p dimensions determined by the vectors k 2 , ks,... h P +i 
and therefore by the above assumption can be expressed as the sum 
of p simple plane vectors one of which, A say, passes through the 

2p+l 

vector in which the plane B = 2 ai,kij cuts the space in which 

l 

2p+l 

the complex 2 a^kij lies. Then since A and B have a vector in 

2 

common, their sum can be expressed as a simple plane vector. The 
complex M is then expressed as the sum of p independent planes. 
But p independent simple plane vectors determine a space of 2p 
dimensions and this space of 2p dimensions is the same no matter 
how M is expressed. For if 

M= M 1 + M,+...+ M p . 
Then 

M*MxM. . .p factors = pi M^M?-. . .xM p ; 

and since the first member is independent of how the complex is 
expressed as the sum of p independent planes, the second must be. 

Again, if a complex 2-vector in a space of 2p dimensions can be 
resolved into the sum of p independent simple plane vectors one of 
which passes through an arbitrary 1 -vector, then a complex 2-vector 
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in a space of 2p + 2 dimensions can be resolved into the sum of p + 1 
independent simple plane vectors one of which passes through an 
arbitrary 1-vector. For let the complex be expressed in terms of the 
unit coordinate planes 

2p+2 2p+2 

M = 2 aijhj + 2 dijkij. 

1 2 

The first sum is a simple 2-vector passing through k\ which can be 
chosen arbitrarily. The second sum is a complex 2-vector in a space 
of 2p + 1 dimensions and consequently can be expressed as the sum 
of p independent simple plane vectors. Hence the whole complex 
can be expressed as the sum of p + 1 independent planes. We have 
seen that a complex 2-vector in 4-space can be resolved into the sum 
of two independent simple plane vectors one of which can be chosen 
arbitrarily and therefore by induction we have: a complex 2-vector 
in 2p or 2p + 1 dimensions can always be resolved into the sum of p 
independent simple plane vectors. 

The condition that a 2-vector in a space of 2p dimensions be simple, 
is 

MxM = 0. 

For if this condition is satisfied then the following relations are satis- 
fied owing to the associative character of the multiplication when the 
order of the whole product is equal to or less than 2p 

MxMxM = 
MxMxMxM = 



Jfxilfxilfx. . .xp factors = 0. 

The last one shows that the complex must lie in a space of lower 
dimensions and therefore can be expressed as the sum of p — 1 simple 
plane vectors. By the same argument it can be expressed as the sum 
of p — 2 simple plane vectors and so on until finally it can be expressed 
as a single simple plane vector. If M is a simple plane, M xM = 0. 
Hence this is both a necessary and a sufficient condition that a 2- 
vector be simple. 

We shall next show that a complex 2-vector in a space of 2p dimen- 
sions can be resolved into the sum of p mutually perpendicular simple 
planes. Let 

p 
M = 2 wii Mi 

i 
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when Mi are mutually perpendicular unit simple planes and m, num- 
bers. We can then derive p — 1 complex 2-vectors as follows 

p 
A = (M*M) ■ M = 21 l m l m?M i i 5* j 

1 

B = (MxMxM) ■ {MxM) = 6Zm,m, s mk i M i i^j^ k. 

(20) * 

P = (MxMxM. . .p factors) • (MxM*M . . . (p-1) factors) 
= plmm^. ■ .»ip2wi»i2. . .m,-_im,-+i. . .m v Mi. 

We have then all together p equations to solve for the p plane Mi, 
M2,. . .M p - and the solution will be unique unless these equations 
prove not to be linearly independent, that is unless the determinant A 
of the system vanishes. If we observe how the columns of this 
determinant are made up we see that it contains each of the m's as a 
factor. Also if m< = =*=inj, A = 0. Therefore we can write A in the 
factored form 

A = -y.'(»iiTO2- • .mp)f(w/ — mf). 

Now if mi = =*= rrh say, and the other m's are all different then a value 
of X can be found so that 

A+\M 

will lie in a space of 2p — 4 dimensions and by the above argument 
this new complex can be resolved into the sum of p — 2 mutually per- 
pendicular plane vectors. The remaining 4-space will be completely 
perpendicular to the space in which A + \M lies and that part of M 
lying in it can be resolved into the sum of two perpendicular planes 
in 00 2 ways. Hence the whole complex can be resolved into the sum 
of p mutually perpendicular planes in 00 2 ways. The same argument 
of course applies to any pair of equal roots. If mi = =>=m2 = ^mz 
the other m's being all different and different from mi; a value of X 
can be found so that A + XM will lie in a space of 2p — 6 dimensions 
and the part of M lying in this space can be resolved into p — 3 mutu- 
ally perpendicular planes. The whole complex can then be resolved 
into the sum of p mutually perpendicular planes provided the complex 
2-vector in space of six dimensions such that (M*M) • M = \M can be 
resolved into the sum of three mutually perpendicular planes. Con- 
tinuing the argument we see .that the resolution is always possible 
provided that in a space of 2m dimensions in which 

(MxM)-M = \M 
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can be resolved into the sum of mutually perpendicular planes. We 
will now show that this resolution is always possible. 
If the transformation 

/ = r -M = r-(X + K) 

where X \s& simple plane and r any vector in X, always gives a vector 
r' in X then r-K = for every r in X. That is X is completely 
perpendicular to K. Then the above resolution depends upon 
whether we can find a plane left invariant by the transformation 
r' = r-M where M is any complex 2-vector. Let 

2m 

(19) M = 2 dijkij 

l 

2m 

and r = 2 bjci. 

i 

Then if r is an invariant vector we have 

r.-M = /xr 
which is equivalent to the set of equations 

2m 

lib\ = 2 a\jbj 
i 

. 2m 

(21) l - 

2m 

phm = 2 Oimjbj 
I 

where the b's are to be determined. The coefficients a<,- are seen to 
satisfy the relations 

Equations (20) being homogeneous will have a solution provided the 
determinant of the system vanishes. This determinant is seen to be a 
skew determinant with each term in the principal diagonal equal to p.. 
From the theory of such determinants n it is known that it can be 
expanded in powers of the diagonal terms. The coefficients of the 

11 Hanus, Elements of determinants. Ginn & Co., page 152. 
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various powers of /x are sums of principal minors of the determinant 
in which the ju's are replaced by zeros. That is the determinant can 
be expandedfin the form 

(22) m 2 "* + A^*"- 1 + A,fi 2m - 2 +....+ A im = 

where Ai is the sum of the first minors in which /a has been replaced by 
zero. These minors are then skew symmetric determinants of odd 
order and therefore vanish. For the same reason all the A's with 
odd subscripts vanish. The coefficient At is the sum of all the second 
principal minors with ix replaced by zero. This is a skew symmetric 
determinant of even order and therefore can be expressed as a sum 
of squares, consequently it is positive. The same is true of all A's 
with even subscripts. Then (22) has only even powers of ii and all 
the coefficients are positive. Therefore the roots appear in conjugate 
imaginary pairs. This means for M real the invariant vectors appear 
in conjugate imaginary pairs. But two conjugate imaginary vectors 
determine a real plane. Hence we have shown that there are always 
m invariant real planes. If equations (21) are not all independent 
there will be an infinite number of values of n and consequently 
an infinite number of invariant planes. This corresponds to the case 
(M*M)-M = \M. 

Now having determined that in every case there is at least one 
invariant simple plane, A say, we can determine X so that M — \A 
will be a complex vector lying in a space of 2m — 2 dimensions which 
must be completely perpendicular to A. To determine X we have 
the relation 

(M - \A)x(M - \A)x. . .m factors = 
= JfxJfx. . .m factors — m\(AxMxM . . . (m — 1) factors). 

From which 

M m 



n AxM" 



when the exponents indicate cross multiplication. The same reason- 
ing as used before will show that the space in which M — \A lies 
is completely perpendicular to A. Thus we have established the 
theorem : A complex ^-vector in a space of 2p dimensions can always be 
resolved into the sum of p mutually perpendicular planes. If the set of 
Sectors A, B,— P of (20) are not independent this resolution is not 
unique. 
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If the 2-vectors A, B, C . . .P are all multiples of Mi by a proper 
choice of axes the complex can be written in the simple form 

M = Wll(&l2 * ku =t &56 =*= • • • =*= fap-l, Zp). 

We will confine our attention to the single case 

(23) M = mi(&i2 + hi + ■ ■ -hp-u 2 P ) 

and the other combinations of sign can be disposed of in a similar 
manner. The dyadic which represents the transformation / = r-M 
is 

(24) $ = mi(kjc\ — fafa + kjc3 — kjct + . . . + fapfap-i — fap-ifap) 
and the same transformation expressed in plane coordinates is 

which can be proved by the same method used for the case of 4-space. 
Similarly it can be shown that the complex 

(25) C = dnkv + «(34&34 + dsakbG + . . . 02p-l,2p&2p-],2p 

+ ai$(h s — k m ) + a u (ku — fas) + au{fas — fa 2 ) +... 
+ a 3 s,(hi — km) + a 36 (&36 — k 4 s) + 

is left invariant by the transformation O-SE' where the coefficients in C 
are entirely arbitrary. The complex will be a simple plane if C*-C = 0. 
This gives for the invariant planes, putting an = 1, for convenience. 

(26) A = k n + (oi 3 2 + au 2 )k u + (a ls ? + a^)k^ + .-. . 

+ (Ol,2p-l 2 + Ol,2p 2 )fep-l)2p 

+ a 13 (km — k®) + a u (ku — fas) + a n (k u —_fae) +. ■ ■ 

+ (audu — ai S aie)(fas — k i6 ) + (ai 3 a lb — auai»)(k3e — ^45) + • • • 

+ (auan + a u ais)(fas — k 4 j) + ■ • ■ 

Hence 00 2 p- 2 simple planes are left invariant. Then in resolving 
this complex into the sum of p similarly perpendicular simple planes 
the first plane can be chosen in co 2 ?- 2 different ways, the second in 
00 2 p-* ways and so on. Hence the resolution can be effected in 
00 2(p-i); difl eren t ways. 

By proper choice of axes the general complex can be put in the 
form 

(27) M = mnki2 + m 3 4& 3 4 + . . . + mp-iapfap-wv 
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Then the dyadic which represents the transformation r' = r-M is 

(28) $ = muifokx — kjc 2 ) + m 34 (& 4 &3 — fc 3 & 4 ) +.'. . 

+ m2p-j,ip(kipk2 P -i — kzp-Joip) 

If the transformation is applied twice to the vector r = ± b,ki 
we have 

/' = 7-.$ = (?••$) •$! = r-($-f>) 

= — [mi2 2 (fcifci + k 2 k 2 ) + m34 2 (^3 + & 4 fc 4 ) + • • • 

+ W2p-l,2j)(&2p-l&2j>-l + fep^2p)] 

Then if $ and r are real .and m-a = = fc m34 = . . . = =■= »i2p_i,223 = 1 
we return to r after repeating the transformation four times. Hence 
if the complex consists of the sum of p mutually perpendicular unit 
planes, the transformatixm r' = r-M will be of order 4- 

5. The Hamilton-Cayley equation. From equation (12) we saw 
that the transformation r' = r-M in 4-space depends on two para- 
meters mi and vh and to show the relation of these to the Hamilton- 
Cayley identical equation which <£> must satisfy we will change the 
reference system to that of the invariant elements. We saw that the 
invariant vectors were 



Now put 



&i ="= ik 2 , k 3 =*= iki. 



n = —^ ((h + ifa), r 2 = —^ (&i - ikt) 
r 3 = — « (h + ik t ), r 4 = — -s (&3 — ih), 



Then 



% 1 

h = —^ (n + r 2 ), k 2 = - —^ (n - r 2 ), 

i i 

h = — ^" ( r 3 + r 4 ), fc 4 = — -^- (r 3 - r 4 ). 

The dyadic $ then becomes 

(29) $ = i[mi(r 2 n — rjr 2 ) + m 2 (r 4 r 3 — wOL 
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The multiplication table for the r's is as follows 

n,-r = r 2 -r 2 = r 3 -r 3 = r A -r A = 0, 
riTj = n-ri = r 2 -r 3 = r 2 -r 4 = 0, 
n-r 2 = r 3 -r 4 = 1. 

The idemfactor Ii becomes 

(30) 7i = nr 2 + r 2 n + f 3 r 4 + ur 3 . 
The Hamilton-Cayley equation then becomes 

(31) ($ — imili)($ + i«ii/i)($ — mm 2 .Zi)( < £ > + ivHa/i) = 

($2 + m^/iK* 2 + »n 2 2 /i') = 0. 
If nil = ± 'W2 

(29') $ = imi[(r 2 n — nr 2 ) =*= (V3 — r 3 r 4 )] 

from which we see at once that the vectors 

an =*= br 3 , ar 2 =±= 6r 4 

are left invariant (or multiplied by constants only) for all values of 
a and b. The Hamilton-Cayley equation in this case becomes 

($2 + mfh) = 

In terms of this new reference system the dyadic $ expressed in 
plane coordinates becomes 

(32) V = |$J$ = — [mi 2 r a r^ + m 2 2 r 3i ru + m 1 m 2 (r 13 r 2 i 

+ r^ns — r^ru — r u rm)] 

The multiplication table for the coordinate planes is 

rn-rn = r 3i -r 3i = — 1, 
r 13 -r 2i = ru-r^ = 1, 

a nd all the other products are zero. The idemfactor is 

h = \hy.h = — r n r 12 — r M r 3i + r x3 r 2i + r u r n + rur-a + r^ru 

and the Hamilton-Cayley equation is 

(tf - mi 2 h){* - mih)^ 2 ~ mfmfh) = 0, 

and if m x = ± ma the equation is 

(* - toi 2 / 2 )(* + m^h) = 0. 
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From (32) we see that the complex 2-vectors 

an$ + br u , aru + br^ 

are left invariant for all values of a and b. The only planes belonging 
to this system are nz, rn, ru, r^. If mi = ±-m<i we see at once that 
the complex 

ar-a + br^ + era + dru, 
or ar n + br si + cr u + dr w 

is 'left invariant and the planes belonging to this system are the 
invariant planes discussed before. 

Choosing the invariant vectors for the coordinate system in space 
of 2p dimensions and proceed as above we at once arrive at the Hamil- 
ton-Cayley equation 

(-S 2 + mi 2 7i)(* 2 + mih) . . . ($ 2 + m p 2 h) = 

and if mi = = fc m2 = = fc »i3. . . = *% this equation becomes 

$2 + mfh = 0. 

The equation which ^ = 2$$$ satisfies follows in a similar manner. 



III. 

6. Rotations in 4-space. We saw that an infinitesimal rotation 
could be represented by 

(5) / = r + M-rdt, 

If M is a simple plane vector M i say, and if r is perpendicular to Mi, 
then since Mi • r = 0, the vector r is left absolutely fixed, and therefore 
the plane completely perpendicular to Mi is left absolutely fixed. 
Also if r lies in Mi it is evident that r' will likewise lie in Mi and there- 
fore Mi is left invariant but not point for point. If in this rotation 
we take Mi as a unit plane and write (5) in the form 

r' = r + niiMi-r dt 

the constant mi measures the rate of rotation in the plane M\. For 
if r lies in Mi 

r' — r dr ,. 

~dT = It = mMvri 
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Since r does not change in magnitude as it rotates, the magnitude of 

Aw 

— divided by Vr-r will be the rate at which r is turning in the plane 
at 

Ml That is 

'fdrV 



J 



, . j = V mi 2 (Mi • r) 2 = DiiVr-r 



Mi being a unit-plane Mi ■ r has the same magnitude as r if r lies in Mi. 
Therefore 



M 



mi = 



which shows that mi measures the rate of rotation in M\. 

If in (5) M is a complex 2-vector it can be resolved into the sum of 
two perpendicular planes and can then be written in the form 

(33) r' = r + (miMi + mM t ) • r dt 

where Mi and Ms are unit planes. In this case the motion consists 
of a double rotation, one parallel to the simple plane M i and the other 
. parallel to the simple plane Mi. The same argument as used above 
will show that mi measures the rate of rotation in Mi and nh the rate 
of rotation in M 2. If r lies in Mi, then 

r' = r + Mi-rdt 

and the same argument used above shows that Mi is left invariant. 
The same reasoning also shows that M 2 is left invariant. 

In order to exhibit the whole list of invariants we will represent 
the transformation (33) as a dyadic, choosing the reference system so 
that 

M = mjcn + irhksi. 

The same argument as used in §2 shows that the dyadic sought is 

(34) ^ = 7i + [miQfyki — kik 2 ) + 7m{kjc 3 — kje t )dt = Ii+$dt 
and (33) then becomes 

(35) r' = r-*. 

If the vector 

4 

r = Zaiki 

1 
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is left invariant it is evident that r-4> must vanish. That is 

avmjci — amJcz + ai-mjiz — azmjci = 

which requires that all the a's vanish. However if we require that 
r' = Xr then we have r-«i> = Xr which leads to the solutions 

a(ki*=ik-t), b{kz = t iki). 

Using these values for r we have 

fi = (&i + ik 2 ) -^ = hi + iki + imi(iki + ik 2 ) dt 

or — = imi(ki + ik 2 ). 

dt 

r 2 ' = (ki — ikz) •\J r = &i + ikz + im,i(ki — ik%) dt 

— = — Mfti(&i — tfe). 

dt 
Likewise for the other two we have 

~ = irrh{h + ikt), 
at 

— - = — imv(kz — ikt). 
dt 

Thus the points on ki -f- i&2 and k% + ^4 progress by the factors im\ 
and i»?2 while the point on k\ — iki and £3 — iki progress by the factors 
— im\ and — imi. 
If mi = m.2 it is easily seen that any vector of the pencils 

(ki + iki) + \(fa + iki), (fa — iki) + X(A; 3 — ifc 4 ) 

is left invariant. These vectors lie in a plane in which every vector 
is a minimal vector. That is they lie in a plane which contains a 
generator of the imaginary sphere at infinity. Any plane cutting 
these two planes in a 1 -vector will be left invariant since it will contain 
two invariant vectors. If w?i = —m 2 , the invariant pencils are 

(fa + ifa) + \(kz — ik 4 ), (fa — ifa) + n(k 3 + iki). 

Each of these pencils lies in a plane cutting the imaginary sphere at 
infinity in a generator and any plane cutting each of these planes in a 
vector will be left invariant. We will however discuss these planes 
from a different point of view. 
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The dyadic ty can be expressed in terms of plane coordinates by 
means of the double product. 

(36) * 2 = *¥*¥ = Wi + 9dt)i(h + **) = ihxh + K*dt 

= h + l&dt 

and the rotation is then expressed by the formula 

C"= C-(Ji + /^*«tt). 

If we write M = m-Jcn + mjc 3 i 

$ = mi(tt — fcife) + niiikjcz — k 3 ki) 
7x$ = mifefctf — k x Jc^ + fe^u — kuk u ) + mikiJcu — fa 3 k u 

+ ^24^23 — k^Jcn) 
If the complex 2-vector 

is left invariant, that is if C-SF = C 

C-(Jl*$) = »ll(Cl3&23 — C23&13 + Cl4&24 — C24&h) + ^(Cw&H 

— 014^13 + C23&24 — C24^23) = 0. 

From which we get 

(37) mien = —rwiCn, mic^ = m^cn, wiiCu = m^cm, — mi<hi = rn^cjs. 
If mi 9^ = fc wi2 these equations are satisfied only when 

Cl3 = C24 = C14 = C23 = 0. 

Thus any complex of the linear pencil 

cukw + C34&34 

is left invariant. The only simple planes belonging to this pencil are 
ku and ks*. Hence these are the only planes whose magnitude and 
position are left invariant by the rotation. 

If mi = ± W2 equations (37) can evidently be satisfied if C\ 3 = =±= C24, 
Cu = =■= C23. In this case the complex 

C = CI2&12 + c 13 (k 13 =*= ^42) + c u (ku + ka) + c 3i k 3i 

is left invariant for all values of the coefficients. The planes of this 
system of complexes are determined by the relation 

OC = C n C 3i ± (C13 2 + Cu 2 ) 
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which, if we put c^ = 1, gives for the invariant planes 

(38) P = ka + ca(ku * k&) + c u (ku + kz) * (cis 2 + c u 2 )& 3 4 

Therefore, If the rates of rotation in the •planes Mi and M2 are different 
the only planes left invariant by (33) are Mi and M2 but if the rates of 
rotation in the two planes are the same or differ only in sign then a two 
parameter family of planes which belongs to a three parameter linear 
system of complexes is left invariant. 12 

The planes of the system (38) all cut the planes 

(fcis^ ^42) + i{ku*= ka), (fcis* £42) — OJcu**- ka). 

These are the planes mentioned above. 

We saw that in case mi= = fc m2 the complex M can be resolved in 
t» 2 different ways into the sum of two completely perpendicular planes. 
The pairs of planes belong to the set (38). The transformation (34) 
can then be represented in 00 2 different ways as the sum of rotations 
parallel to pairs of completely perpendicular planes. The rates of 
rotation parallel to both planes of a pair are the same but different 
for different pairs. 

f The above set of invariant planes were found under the condition 
that their magnitude be left unchanged. We might however have 

12 In the article referred to in note 2 Cole states the theorem "Every rota- 
tion in a four dimensional space for which t> yt 0. (The condition here would be 
that neither toi nor m 2 is zero) can be reduced to a succession of two simple 
rotations whose fixed planes are absolutely perpendicular to each other. 
This decomposition can be effected in only one way." From the above 
theorem it is evident that this statement is inaccurate. He discussed finite 
rotations and writes the equations of the rotation 

x' = x cos 6 — y sin 9, y' = x sin 6 + y cos 

z' = z cos <p — w sin <p, u' = z'sin <p + u'cos <p. 
He states that the invariant planes of this rotation are the xy- and zu>-planes. 
This is true of $ 7* <p. But if 6 = <p any line passing through and lying in 
the planes x + iy = 0, 2 + ia = is left invariant also any line passing 
through and lying in the plane x — iy = 0, a — iw = is left invariant. 
Hence any plane containing two of these invariant lines will be kept invariant. 
There is a two parameter family of these planes which are real and therefore 
<» 2 real planes are left invariant. If $ — —<p then every line passing through 
and lying in one of the planes x + iy = 0, z — io> = or x — iy — 0, 
z -j- -Ua = is left invariant and all the planes passing through and cutting 
each of these planes in a line is left invariant. In the first case it is easy to 
see that the plane x = z, y = w is left invariant and in the second case x = u, 
y — z is left invariant. The error in Cole's work arose from the fact that in 
determining the coordinates of the invariant planes he failed to take into 
account that it was possible for all the denominators of his expressions to 
vanish simultaneously. 



ROTATIONS IN HYPERSPACE. 675 

planes changed by the rotation into multiples of themselves. In 
this case 

c-(im = *c 

which leads to the relations 

TO1C13 — TO2C24 = XC23, 

— TO1C23 — m^cu = XC13, 

miCu — W^C23 = XC24, 

— JK1C24 + TO2C13 = Xch. 

Four values of X render this system consistent and the corresponding 
invariant planes are 

(&13 + £42)=*= i(ku + fas), hs — & 42 ± i(k u — fes)- 
No real plane satisfies this condition. 

7. Rotations in any even space. Equation (5) is a rotation in 
a space of 2p dimensions if we consider M as a complex lying in that 
space. As before the dyadic representing the rotation, if we write M 
in terms of p mutually completely perpendicular unit planes which 
for convenience we will take as coordinate planes, is 

*■ = h+ [mi{kjcx — kifa) + m^{kjcz — kJd) + . . . + m p (k ip k2 P -i — 

k2p-ihp)]dt. 
= h+ $dt. 

The same transformation expressed in plane coordinates is 

* 2 =i/i£li+ I&dt. 
= h+ lix$dt 
where /] = 2fcj&; 

h = "Zkijkij. 

The same argument used in the preceding section will show that the 
p mutually perpendicular planes into which M is resolved are all left 
invariant. If the m's are all distinct these are all the invariant planes, 
but if n of them are equal there are ro 2(n_1) invariant planes and 
the rotation can be resolved in an infinite number of ways into rota- 
tions parallel to p mutually perpendicular planes. 
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IV. 

8. Surfaces in 4-space left invariant by all the rotations 
having the same two fixed planes. All the rotations represented 
by the equation 

(39) r'= r + M-rdt= r + (mi-Mi + mJH^-rdt 

where M i and M% are unit planes and mi and urn are allowed to vary 
form a group since each transformation of the set leaves M\ and Mi 
invariant and consequently the product of two of them will leave these 
planes invariant also. The direction which a point will move by 

(39) with fixed values for mi and m? is 

dv 

(40) -r: = {mxM x + imM^-r = M-r. 

If mi and rtfy are allowed to vary it is seen at once that all the directions 
which a given point can take lie in a plane since they are linear func- 
tions of the two vectors Myr and M^-r. It is seen also from this 
equation that the ratio mi : m^ is all that need be considered since their 

dr 
actual values are necessary for determining the magnitude of ~r and 

not its direction. If we give ni\ and wis definite values (40) will be 
the differential equation of the path curve described by the end of the 
vector r by this particular rotation. The unit tangent to this curve is 

dr , r dt 

t = — = M-r — 

as as 

Since the magnitude of r is unity we have 

dr dr ,„ s ,„ , fdt\ 2 

= [m 1 2 (Mvr) 2 + m 2 2 (M2'r) 2 ](J g 
Hence 

(41) \j t ) =mr{Mi-rY + mi(M i 'r)\ 

As the transformation is a rotation r is a vector of constant length 
and also the projections on the fixed planes M i and Mi are also the 
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same for all positions which r can take by the rotation. Then (Mi • r) • 
(Mvr) is constant and equal to the square of the projection of r on 
the fixed plane M x . Likewise (M 2 • r) • (M 2 • r) is equal to the square 
of the projection of r on the plane M 2 . It follows at once then that 
ds is a constant since the expression in the bracket in (41) is constant. 
The curvature of the path curve is 



(42) 



„ dr tPr / , dr\dt „, .„ . (dt 
C = ds = M = \ M -7s)ds = M - {M - r) \d* 

= WMv {M v r) + m£M r (M r r)\ (~^ 



The vectors My {Mvr) and Mi- {M^-r) are the projections of r on the 
fixed planes Mi and Mi respectively and therefore constant in length. 
Hence: The path curves are curves of constant scalar curvature. 
The unit vector in the direction of the curvature C is 

M-{M-r) M-(M-r) 



V[M-{M-r)] 2 VC-C 

The vectors t and c are unit vectors and perpendicular to each other 
Hence r X c will be the unit osculating plane to the path curve. The 
first torsion of the path curve is the rate of change of this plane with 
respect to the arc. 

„ d , x dr , dc dc 

T = T" ( r * c ) = T" xc + rX T = TX V 
ds ds ds ds 

Since -/ = cV[M-{M -r)] 2 the product ~^c = 0. Substituting the 
ds ds 

values above we have 

T={M-r)x{M-[M-{M-r)]}(- S ' 2 



Vc-c 

= {m 1 M 1 + m a M 2 )^{m 1 i M 1 -[Mv[M 1 -r)] 

+ ^ M ^ M ^AfsJvh 

But since My (Mvr) is the projection of r on M h My [My (Mvr)] 
is a vector in Mi perpendicular to this projection and consequently is 
equal to My.r. Similarly for the second term. Then 

T = mira,(»% ! - mi 2 ) (Myr)x(M 2 -r) 
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But since Mi-r and M 2 -r are vectors of constant length and lie in 
perpendicular planes their cross product has constant magnitude. 
Therefore the scalar first torsion of the path curves is constant. 

From the above expression for T we see that if mi = or m^ = 
or mi = ±W2 the torsion vanishes, that is the plane t*c is independent 
of the point on the curve. Therefore in the group of infinitesimal 
transformations which leave the same pair of perpendicular planes Mi 
and M2 invariant there are four transformations whose path curves are 
plane curves. If mi = the motion reduces to a rotation parallel to 
the plane M 2 and the path curve is the circle whose plane is parallel 
to Mi and whose center is on Mi. Likewise if nui = the path curve 
is a circle in a plane parallel to Mi and whose center lies in M x . If 
mi = ± m^ equation (42) becomes 

C = mflMviMvr) + M 2 -(M 2 -r)] (jj. 

But since Mi • (Mi • r) and M 2 • (M 2 • r) are the projections of the vector 
r on the planes M 1 and M 2 respectively and these planes are perpendicu- 
lar the expression in the brackets is evidently equal to r. Hence in 
this case 

n 2 ( dt 

V = mi'r — 

\ds 



From (41) we see that in this case 

= mi 2 (r-r). 



Ida 
\dt 
Then 



and hence 






T 

C-C= — . 



That is the scalar of the curvature of the path curve is the reciprocal 
of the length of r. Then in this case the path curves are circles with 
center at the origin. The plane of the circle is rx(Mi-r + M 2 -r). 
This plane changes only in magnitude if we change the length of r. 
Hence the plane is left invariant by the transformation dr = mi(Mi + 
M 2 ) ■ r dt. That is through each point in space passes one plane left 
invariant by this transformation. From (39) the directions of the 
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path curves through a point, given by the transformations for which 
rni = 0, W2 = 0, mi = me, mi = — wiv form a harmonic pencil. 

From (42) we see that if r is held fixed and mi and m* are allowed to 
vary the end of the curvature vector traces out the line joining the 

ends of the vectors — ^— — — - and — — : — ^— and it is seen that for 

(M v rf {M r rf 

real values of mi and m>i the only points obtained are those on the 

TYli 

segment joining the ends of these two vectors and that the ratios — 

ma 

and give the same point. Hence each point of the segment is 

ni2 

counted twice. We will call this the curvature segment. Two direc- 
tor dr 

tions — = (miilf i + rrteMz) • r and — = (mi Mi + mi Mi) • r are per- 
dt dt 

pendicular if they satisfy the relation. 

dv dv 

= = (miMvr + rmMi-r)-(miM v r + miM 2 -r) 

dt dt 

= mmi(Mvr) 2 + mvmz'iMi-r) 2 . 
Hence 

mi _ _ (Myr) 2 m 2 
mi (M 2 -r) 2 7n 2 

Two perpendicular directions are then miMvr + m 2 M 2 -r and 
irh(M 2 -r) 2 (Mvr) -\- mi(Mvr) 2 (M 2 -r). The curvature for these two 
directions is 

fdt\ 2 
d = [m?Mr{M v r) + rrtfM? (M 2 - r)]( j) 

c 2 = [mi[(M 2 ■ r) ■ (Jtf, ■ r)] 2 M x ■ (Mi ■ r) 
dt\ 1 



-f mmir r) • ( ll\ ■ r)fM, - (M, • r)]( ^ 



.dsh mi 2 ( M i ■ r) 2 + mi(M 2 ■ r) 2 
dt\ 1 



dsh m£\(M 2 ■ r) ■ (M 2 ■ r)f(M i • r) 2 + nii 2 [(Mi • r) ■ (M x ■ r)f(M 2 ■ r) 2 

= 1 

{(M v r) 2 (M r r) 2 \ [ mi 2 (Mvr) 2 + mi(M r r) 2 

Substituting these values of f -r J and f j- J in the expressions for C\ 
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and <h we have 

, My(Myr) ,M 2 -(M 2 -r) „, 

Cl + C2 = "W^ + -jM^r = 2L 

That is the sum of the curvature vectors for two perpendicular direc- 
tions through the point is independent of the pair of directions taken 
and is equal to the sum of the curvatures of the path curves of the 

n , n • Mv jMyr) , M r (M 2 -r) 

rotations mi = and m^ = since — rr- — — — and — — - — — — are 

(Myr) 2 (M 2 -r) 2 

the curvatures in these two directions. It is also to be noted that 
the directions for which the curvatures are the same are harmonically 
separated by the directions mi = 0, nh = 0. The directions which 
have curvature equal to h are perpendicular to each other and hence 
bisect the angle between mi = and mz = 0. 

Since the length of the radius of curvature is the reciprocal of the 
scalar curvature and its direction coincides with C the locus of the 
centers of curvature is the inverse of the curvature segment with 
respect to the unit circle with center at the extremity of r. Hence; 
The locus of the centers of curvature of all the path curves of this group 
which pass through a given point is a circle of which the diameter is the 
line joining the origin to the point in question. For real directions 
through the point the centers of curvature lie on a quadrant of this circle. 
From this it is evident that the curves with minimum curvature are 
in the directions Wi = W2 and mi = —mi and hence for these direc- 
tions the curvature is perpendicular to the curvature segment. This 
can be seen also directly from (42). For the curvature of these 
curves being in the direction of r and the curvature segment being 
My (Myr) M,-(M,-r) 



have 



(Myr)* (Mt-r)* 

' My (Myr) M r (M 2 -r) 
{Mvrf (M r rf 

Since My {Mvr) is the projection of r on Mi and has the same length 
as Mvr the product r-[Mv (Mi-r)] is then the length of the projec- 
tion of r on Mi multiplied by the length of r. Hence the first term of 
the product reduces to unity and likewise for the second term and 
hence the whole product vanishes. 

The curvature vectors of the path curves lie in a plane determined 
by Mi- (Mvr) and M<v (Mrr). But M v r is a vector in Mi perpen- 
dicular to r and My (Mvr) is the projection of r on Mi hence these 
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two vectors are perpendicular to each other. The vector Mvr is 
perpendicular to M 2 - (M 2 -r) since they lie in completely perpendicular 
planes. Therefore M i • r is perpendicular to the plane of the curvature 
vector. Similarly M 2 -r is also perpendicular to this plane. Hence, 
The path curves of a given point by the transformations of the group of 
rotations which leave the same two completely perpendicular planes 
fixed are all tangent to a plane A, and have constant curvature and torsion. 
The ends of the curvature vectors lie on a line cutting the two fixed planes. 
The plane in which these curvature vectors lie is perpendicular to the 
plane A. There are four of the path curves which are circles. The 
tangents to two of these are perpendicular to each other and the tangents 
to the four form a harmonic pencil. The centers of curvature lie on a 
circle whose diameter is the line joining to the given point. The centers 
of curvature of the real curves lie on one quadrant of this circle. 

As the vector r is rotated by (39) the plane A will envelope a surface 
which will be left invariant by every transformation of the group. 
To obtain the equations of this surface we will integrate the vector 
differential equation (39). Let 

r = xihi + xjtz + xjcs + xjci) 
Mi = kn, M 2 = hi 

Then (39) becomes 

kidki + k 2 dk 2 + kzdfa + k^dxi = {mjcn + nteht) - (xjci + xjc 2 

+ Z3&3 + xjci)dt 

= (mixjci — mixjc 2 + rn^xjcz — mzXzk^dt 
which is equivalent to the set of differential equations 

dx\ dx 2 

— = m\Xi, — = — miXi, 
at at 

dxs dxi 

— = mzX4, — = —mzxs. 
at at 

Dividing and integrating we obtain for the first integrals 

(43) X! 2 + xi - a 2 , xi + xi = b\ 

The constants a and b are so determined that|the curve will pass 
through the initial point. These then are the equations of the surface 
left invariant by each transformation of the group. The planes A are 
the tangent planes to the surface and the normal planes are those in 
which the curvature vectors lie. These normal planes all pass through 
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the origin, that is through the point of intersection of the fixed planes. 
The curvature of a geodesic always lies in the normal plane to the 
surface from which we can conclude that the path curves are geodesies 
of the surface (43). We will however show this directly. The para- 
metric equations of the surface are 

, .. ,. Xi = a cos u, X2 = a sin u, 

^ ' X3 = b cos v, Xi = b sin v. 

Then 

ds 2 = a 2 du 2 + bW 

This shows that the surface is developable. 13 The geodesies are then the 
lines given by the relation 

v = An + B 

which substituted in the differential equations of the path curves we 

find they are satisfied provided A = — . Hence the path curves 

mi 

are the geodesies. Through each point of the surface passes four 
geodesies which are circles. The planes of two of them are completely 
perpendicular being parallel respectively to the two fixed planes. 
The other two circular geodesies make equal angles with the two 
preceding, and have their centers at the origin. Their planes con- 
sequently intersect in a line, that is, lie in a 3-space. The surface 
can be generated by rotating any one of the path curves by any 
transformation of the group. Therefore it can be generated by moving 
a circle of fixed radius and plane parallel to the a&rj-plane with center 
in the ar^-plane so that it always cuts a fixed circle lying in a plane 
parallel to the a^-plane. It can also be generated by a circle of 
radius Vo 2 + b 2 with center at which always cuts a fixed circle, of 
radius Vo 2 + b 2 an d center at 0. The plane of the variable circle 
is inclined at a fixed angle to the plane of the fixed circle. 

Equations (43) show that the surface is of order four. Therefore a 
3-space which cuts it in a circle must cut it again in a curve of order 
two. Consider first a 3-space which contains one of the circles with 
center at 0. This will also contain a second one of these circles since 
they lie by twos in all the 3-spaces containing one of them. If then 
we pass a sphere through one of these circles for which it is a great 
circle, it will contain a second one of them which will also be a great 
circle. Hence such a sphere is tangent to the surface at two diametri- 
cally opposite points. 

13 See Levi, loc. eit. 



ROTATIONS IN HYPEESPACE. 683 

The plane of one of these circles is obtained by letting v = u -\- 
in equations (44). The equation of this path curve then becomes 

, . -s. Xi = a cos u, Xt = a sin u 

Xz = b cos (u + 9), Xi = b sin (m + 6) 



and the plane of the curve becomes 
(46) 



b „ b . n 

x% = - cos 6 x\ sin 6x2, 

a a 



b „ , b . „ 
au = - cos 6 Xi + - sin ftei. 
a a 

Varying 6 we obtain all circles which form one generation of the sur- 
face. These circles have no point in common. The second generation 
can be obtained by putting v = — u + 6. The equations of these 
circles then is 

, _. Xi = a cos u, x 2 = a sin u 

^ ' Xz = b cos(— u + 6), Xi = b sin (— u + #)• 

The circles of (47) do not intersect each other but each one of (47) 
intersects each one of (45) in two diametrically opposite points. 

The points of intersection are u = , u = . If these 

v 2 2 

circles are used as parameter curves the equation of the surface 
becomes 

X\ = a cos (u + v), Xi= a sin (u + v), 
xz = b cos (m — v), Xi = b sin (w — «). 

From (46) we see that the locus of the planes of these circles is 

xi 2 + xi _ Xz 2 + ^4 2 
~~ a 2 6* 

In fact this quadric cone contains both sets of planes. 
The planes of the other two generations of circles lie on the cylinders 

Xi 2 + xi » a 2 , Xz 2 + Xi 2 *f b 2 . 

The planes on one of these cylinders are parallel to each other and 
consequently two of them determine a 3-space, that is, the 3-space 
which passes through one of these planes will contain another of the 
same cylinder. Then in this second double generation of circles, 
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circles of the same generation intersect in two points while those of 
opposite generations intersect in one point. Equations (47) show 
that the surface is also a translation surface. 

Wilson and Moore u discussed the locus of the end of the normal 
curvature vector (the indicatrix) of curves passing through a given 
point of a surface and found that in general it is a conic. But when 
this indicatrix becomes a linear segment the surface has some proper- 
ties of surface in 3-space. On such a surface lines of curvature can 
be defined as in 3-space and will be orthogonal. If we define lines of 
curvature as dines of maximum or minimum normal curvature we find 
in general there are four directions through each point but in 3-space 
these four directions divide into two sets of two, one the asymptotic 
lines and the other the lines of curvature. For surfaces whose indi- 
catrix reduces to a linear segment not passing through the surface 
point in question these four directions of maximum and minimum 
radii of curvature again factor into two sets; one giving the curves 
called by Segre characteristics and the other giving lines analogous 
to lines of curvature in 3-dimensions. For the surface here consid- 
ered all four sets of these curves are circles. 

We saw that the curvature segment or indicatrix cut the planes 
Mi and Mi in the ends of the projection of r on these planes. Then 
as r is rotated the curvature segment will cut the circles generated by 
these projections. Hence the locus of the curvature segment will be 
the congruence of lines cutting two given circle. Also the mean 
curvature defined by the curvatures of two orthogonal directions. 

2h =ci + <h 

is the vector from the surface point to the middle of the curvature 
segment. Then the locus of the end of the mean curvature vector 
will be the surface 

fa 2 - W 2 



Xi 2 + X2 2 = 
X3 2 + Xi 2 = 



b 2 - 1 
b 2 



which is a surface like (43). 

We have here considered general positions of the vector r but an 
interesting case arises when r is so located that its projection on Mi 

14 Differential geometry of two-surfaces in hyperspace. These Proceedings, 
62, 1916. 



ROTATIONS IN HYPEKSPACE. 685 

is equal in length to its projection on M 2 . On the surface generated 
by the path curves of the group the circles for which mi = wis and 
mi = — wi2 are orthogonal. Hence the directions of the circular 
sections form two orthogonal pairs. The center of mean curvature 
bisects the curvature segment. 

Rotations in 5-space give nothing new since the path curves will lie 
in the 4-space perpendicular to the fixed axis of the rotation and pass- 
ing through the given point. 

9. Rotations in 6-space leaving the same three mutually 
perpendicular planes, invariant. We will next consider the case 
of 6-space in detail before generalizing. Evidently these transfor- 
mations form a group. The directions which a point can move by 
the various transformations of the group form a 3-space. These 
directions are defined by 

dv vdt 

(48) t = — = (mi M 1 + trnM^ + mzM z ) ■ — 

ds as 

t is then a unit vector tangent to the curve given by a particular set of 
values of mi, m^, m 3 . Squaring (48) we get 

(49) (JY= m?{M v rY + mi(M 2 -r) 2 + m 3 2 (M 3 -r) 2 

which is constant for given values of mi, mv, m 3 since (Mi-r), (Myr), 
(M z -r) are of constant length. The curvature of the path curves is 

= mi 2 My (Myr) + mflfi- (M r r) + mfMy (Myr) 
{ ' mi 2 (ilf 1 • r) 2 + mi{ M 2 • r) 2 + mi(M z • r) 2 

This shows that the end of the curvature vectors lie in a plane deter- 
mined by the projections of r on the three planes M x , M 2 , M s . We 
see that for real values of mi, mj, m 3 that is for real directions through 
the given point, the points lie inside this triangle, which we will call 
the curvature triangle. To each point in the curvature triangle 
corresponds four sets of values of mi, m^, m 3 , that is, four curves 
through the point. Each of these curves have the same curvature. 

(It dv 
The angle between two directions — and — is given by the formula 

as as 

drd/ = mwiKMyr)* + m 2 mJ-{M r rf + m z m z l {M z - r) 2 

ds ds Vmi 2 (ifi-r) 2 + mj{M 2 -rf + m 3 2 (M 3 -r) 2 

Vmi l2 (M r r) 2 + mP(M r rf + m 3 l2 (M 3 -r)« 
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The condition that the two directions be orthogonal is 

(52) mmiKMvrf + m 2 m}(M 2 -rf + mim 3 KM 3 -r) 2 + 0. 

This defines a plane of directions perpendicular to mi 1 , m£, m 3 x . 

From (48) we see that a linear relation among the m's gives a plane 
of directions through the point and from (50) we see that the end of 
the curvature vector will describe a conic in the curvature triangle 

, . . , , .. . . MyjMvr) M 2 -{M r r) M,-(M,-r) . 

determined by the points, — — - — — — , — — - — -t—, — -— — — — since 

" v (M v r) 2 (M 2 -r) 2 (M»-r) s 

the substitution of (52) in (50) gives a quadratic relation in mi, rrvi, m 3 . 
To simplify the work let 

My {Mvr) = M 2 -(M 2 -r) = M,-(M,-r) 

{M v rf *' {M 2 -rf V ' {M r rf % 
mi*(Mi-r) 2 = X 2 , m 2 (M 2 -r¥ = M 2 , m 3 2 (M r r) 2 = v 2 

Then (50) takes the form 

(53) Vx + Sy + vh 
K ' \ 2 + n 2 + lA 

Then a linear relation 

(54) a-\ + bfi + cv=0 

is equivalent to saying that the direction X, n, v is perpendicular to 
the direction defined by 

, . a b c 

(55) — == — ' — ■ 
V(Jfi-r) 2 ' V(M 2 -r) 2 ' V(M 3 -r) 2 ' 

From (53) and (54) the curvature of the directions perpendicular to 
(55) is 

K } ' c 2 (X 2 + m 2 ) + («X + 6 m ) 2 

This is a conic and as seen before it must lie inside the triangle de- 
termined by x, y, z and must therefore be an ellipse. The sides of 
the triangle are 

,__. \ 2 x + n 2 y \ 2 x + v*z ify + v*z 
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The intersection of the conic (56) with n is given by a\ + bp = 
and hence the conic is tangent to n. The same argument shows that 
it is also tangent to h and r 3 . Hence: The locus of the ends of the 
curvature vectors of curves perpendicular to a given direction is a conic 
tangent to the three sides of the triangle determined by the vectors x, y, z. 
The center of the conic (56) can be determined from the middle of 
the segment into which the conic projects on the x-, y- and 3-axes. 
One end of each segment is at the origin. The projection on OX is 

<f\ 2 x 



c^X 2 + m 2 ) + (aX + btf 
The value of - which makes the denominator a minimum will make r 

a maximum. Similarly we can determine the projection of the 
ellipse on Y and OZ. Hence the center of the ellipse is the end of 
the vector 

_ (b 2 + <?)x + (a 2 + <?)y + (a 2 + b 2 )z 
Pl 2(a 2 + 6 2 + c 2 ) 

The point of the curvature triangle corresponding to the direction 

a/V(i/ r r) 2 , b/V(M 2 -r) 2 , c/V(M r r) 2 is 

_ a 2 x + b 2 y + <?z 
p2 ~ a 2_|_ 6 2 + c 2 • 

From which we have 

2pi + pi x + y + z 



The right side of this last equation is the median center of the curva- 
ture triangle. Hence the center of the curvature triangle is a point 
of trisection of the line joining the center of the conic to the point of 
the triangle corresponding to the direction a/V( M i • rf, b/y/(M 2 -r!) 2 , 
c/\Z(Ms-r) 2 . It can be shown that two perpendicular directions 
among" those satisfied by (54) correspond to points at opposite ends 
of a diameter of the conic (56). Hence the points of the curvature 
triangle which correspond to three mutually perpendicular directions 
through the point form a triangle whose median center coincides with 
the median center of the curvature triangle. The points of the conic 
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will correspond to four different planes of directions through the point. 
These are given by the linear relations 

aX + bix + cv = 0, 
aX + bfx — cv = 0, 
aX — bp + cv = 0, 
ah — bn — cj> = 0. 

By substituting these four relations in (53) it is seen that we obtain 
the same conic. The same point in the curvature triangle correspond 
to the perpendicular direction for each relation. If mi = or mi = 
or m,3 = 0, the corresponding points in the triangle are on the sides of 
it. The rotations in this case are of the four dimensional type previ- 
ously discussed. 

The unit osculating plane is again the cross product of the unit 
tangent and the unit curvature. The unit curvature is 

c _ mjMv (Jtfi-r) + mjM r (M r r) + mjMy (M r r) 
mi 2 (Mi • rf + mi(M 2 • r) 2 + m s 2 (M s • r) 2 

The rate of change of the osculating plane (txc) with respect to the 
arc is again the first torsion. 

T = L (txc) =rxj = (M-r)*{M-[M-(M-r)}} ^' 



<h v ' W Vc-c 

= (miMi-r + mzMrr + msMrr)-<{2,m?M i 

■[JMJfrr)]}(* N 

Mr (Mi-r) is the projection of r on M ( and M <• \M t - (Mi-r)] is a vector 
of equal length in Mi and perpendicular to M r (Mi-r) and is there- 
fore equal to (Mi-r). Hence we can write for the torsion 

t= (ZmiMi-rMZmKMi-r)}^ 2 ] 



VC-C 

= mima(mi 2 — mi) (M\- r)x(M 2 - r) + mim,z(mi — mi) (Mi-r)x(M 3 -r) 

+ mtfnz(mi — mi) (M 2 - r)*(M s - r) ' 



As] VC-C. 

For given values of m h mi, m% the magnitude of this vector is constant. 
The path curves are then curves for which the rate of change of the 
unit osculating plane with respect to the arc is a vector of constant 
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magnitude. The vector t will vanish if to,- = to,- = 0, i 7^ j or 
m,- = 0, m,- = mu (i 9* j 9^ k), or if mi = ^to^ = ^m.3. The first 
case gives the transformations which leave two of the planes absolutely 
fixed and the path curves are circles whose center is the projection of 
the end of r on the absolutely fixed 4-space determined by the two 
absolutely fixed planes. The second correspond to the rotations 
leaving one of the planes absolutely fixed and the path curves are 
circles with center on the fixed plane and radius equal to the length 
of the perpendicular dropped from the end of r to the fixed plane. 
The curvature of the path curves for the last case is 

c _ MyjMvr) + Mr(Mrr) + My(Myr) _ 
(M v r) 2 + (M 2 -ry + (M r r) 2 



(M vr y + {M r rY + {M r rf 



since Mi- (Mi-r) is the projection of r on M ,- and the sum of the pro- 
jections of r on three mutually perpendicular planes is equal to r. 
Also from the definition of the dot product it is evident that the 
magnitudes of Mi-r and Mi- (Mi-r) are equal. Hence these curves 
have curvature directed through the origin and are circles with center 
at the origin. The point on the curvature triangle corresponding to 
the direction of the tangents to these circles is the end of the vector 

_ MyjMyr) + MrjMrr) + M s -(M 3 -r) 
(Myr)* + (M 2 -r)* + (M 3 -r)* 

This vector is perpendicular to the plane of the curvature triangle. 
For two sides of the triangle are 

My(Myr) Mr{M r r) My(Myr) M 3 -(M 3 -r) 
{Myrf (Mrr) 2 ' (Myrf {Myrf 

and it is seen at once that the dot product of C with either of these 
vectors vanishes and hence C is perpendicular to the plane determined 
by these two vectors. The four directions mi = ±m%= ±m 3 
correspond to the same point in the curvature triangle viz. the foot 
of the perpendicular dropped from the end of r on the plane of this 
triangle. These circles are then the path curves of minimum curva- 
ture. The radius of curvature being the reciprocal of the curvature; 
The locus of the centers of curvature of all path curves which pass through 
a given point is the inverse of the curvature triangle with respect to a 
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unit sphere with center at the point in question and therefore is a sphere 
with r for a diameter. The centers of curvature of the real curves lie on 
an octant of this sphere. In four dimensions we found that the path 
curves corresponding to the center of the curvature segment were 
orthogonal but here the path curves corresponding to the median 
center of the curvature triangle do not have this property. 

We saw that the locus of the end of the curvature vector for direc- 
tions through a given point which satisfy a linear relation, that is 
curves tangent to the same plane, was a conic. This conic may 
degenerate into the sides of the curvature triangle counted twice. 
The directions corresponding to the points of one of these segments 
are all perpendicular to the direction corresponding to the opposite 
vertex. To a general point in the curvature triangle correspond four 
directions through the point but to a general point on one of the sides 
correspond two directions through the point and to a vertex of the 
triangle corresponds just one direction. A line in the plane of the 
curvature triangle is defined by the linear relation Sett-m,- 2 = 0, and 
this substituted in (48) shows that the corresponding directions 
through the point generate a quadric cone. In particular if one of the 
coefficients, a\ say, is zero and the other two have opposite signs then 
the quadratic relation factors into two linear relations, each of which 
corresponds to a plane of directions through the point. From which 
we see that a linear relation involving only two of the m's gives a 
plane of directions whose curvature segment passes through a vertex 
of the curvature triangle. Two perpendicular directions correspond 
to the ends of the segment and from the fundamental configuration 
for the curvature of three mutually perpendicular directions it is at 
once seen that the curvature of the path curve perpendicular to this 
plane of directions will cut a side of the curvature triangle. The 
configuration can be shown by a simple figure. Let ABC be the 
curvature triangle, AD is the curvature segment corresponding to a 
plane of directions through the point depending on but two of the m's. 
Let H be the median center of the curvature triangle and G the middle 
of the curvature segment. The point corresponding to the direction 
perpendicular to the given plane i.e. to the directions corresponding 
to the segment AD must be such that the center of the triangle ADF 
is H . It is at once evident that F must be on BC and such that DE = 
EF. This together with aa = or a$ = are the only cases in which 
SajWi, 5 = can be factored into two linear relations. If D coincides 
with E, G will coincide with H. 

A line which does not pass through a vertex of ABC will contain an 



ROTATIONS IN HYPERSPACE. 691 

infinite number of point pairs corresponding to perpendicular direc- 
tions. For, any point on the line can be taken as the center of a 
curvature ellipse which touches the three sides of ABC. The two 
points in which these ellipses cut the line correspond to perpendicular 
directions. The points corresponding to the directions perpendicular 
to these pairs will all lie on a line parallel to the given line. 

Proceeding as in 4-space the differential equations of the path 
curves are found to be 

,,„, dx\ dxi <hi dx$ 

(58) — = miX2, — = — mixi, , — - m s x 6 , — «= — m s x^ 

at at at at 

The path curves will then all lie in the variety F3 8 of order 8 

(59) X1 2 + X2 2 = a 2 , xg + xg — b 2 , xg + xi = <?, 

where a, b, c are determined so that the curves all pass through the 
given point. If m t - = ±m,- the resulting path curves will lie in a 
4-space but if m,- = knij (k 5^ ±1) this is not the case. If mi = 
±W2 = ^mg the resulting path curves are plane curves. The 
argument is the same as that given in 4-space. 
The parametric equations of V 3 S are 

xi — a cos u, X2 = a sin u, 
x 3 = b cos v, xn = b sin v, 
Xi = c cos w, x& — c sin w. 

The element of arc is 

(60) ds 2 = a 2 du 2 + bW + <?du 2 

The variety can therefore be developed on a plane 3-space. The 
path curves have curvature lying in the normal 3-space (the 3-space 
determined by the surface point and the curvature triangle) and are 
therefore geodesies. That they are geodesies can be shown directly 
from the above equations as was done for rotations in 4-space ; A 
linear relation among the m's will give a surface which is left invariant 
by a one parameter family of rotations. This is then a geodesic 
surface of the variety Vg. Furthermore the normal 4-space to this 
surface must contain the normal 3-space to Vg and the ends of the 
curvature vectors of the pencil of geodesies passing through a given 
point will trace out a conic lying in the curvature triangle and since 
this lies in the normal to the surface these path curves must be geodes- 
ies on the surface K. A linear relation in the m's means a linear 
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relation in u, v, w. This substituted in (60) shows that the surface K 
is also developable. This surface differs from that studied in 4-space 
since for this one the indicatrix is a true ellipse and not a linear seg- 
ment counted twice. The plane of the indicatrix does not pass through 
the surface point. In particular the linear relation nn = will lead 
to a geodesic surface all of whose geodesies are curves lying in a 4-space. 
This will cut if in a geodesic. Hence passing through each point of 
K pass three geodesies which lie in a 4-space. 

For each point on V£ there is a curvature triangle. The locus of 
these triangles consists of the planes cutting three fixed circles, one 
lying in each of the planes M\, Mz, Ms. 

We have found plane curves (circle) and curves lying in a 4-space 
which are left invariant, that is, path curves. It is evident that if a 
space curve is left invariant the space in which it lies must be left 
invariant. We saw that no 3-spaces were left invariant hence there 
are no 3-space path curves. Also we saw that the only 4-spaces left 
invariant were M^xM^, Mi*Mz, M^M 3 hence the 4-space path curves 
mentioned above are the only ones that exist. 

10. Rotations in space of 2p dimensions which leave the 
same set of p mutually perpendicular planes invariant. Hav- 
ing considered the case of four and six dimensions we can now easily 
generalize the results for space of 2p dimensions. Let the rotation 
be expressed in terms of the unit invariant planes 

p 

(61) r' = r + ZmjMcrdt 

l 

dr p ,, dt 
or t = — = ZrtiiMi-r—. 

as i as 

The oo v transformations obtained if nn vary, form a group and the 
different directions which a point can take by the various transforma- 
tions of the group lie in a linear p-space. The curvature of the path 
curves at the point P is given by the formula 

(62) L ~ ImHMvry ' 

For given values of vn the length of this vector curvature is seen to be 
independent of the position which r can take by the given rotation. 
That is the path curves are curves of constant curvature. These 
curvature vectors generate a p-space which is completely perpendicular 
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to the p-space generated by the tangents to the curves at the point 
in question. If any of the m's vanish the resulting rotation is equiva- 
lent to a rotation in a space of lower dimensions and therefore we shall 
assume that none of the m's vanish. 

Equation (62) shows that, for real values of m-i, the end of the curva- 
ture vector will lie inside a p-point A, called the curvature p-point 
determined by the p points in which the extremity of the vector r 
projects on the p planes M ,-. Each point of A will correspond to 
2 P ~ 1 directions through P. The points in A which correspond to p 
mutually perpendicular directions through P for a p-point whose 
center of gravity coincides with the center of gravity of A. If a 
linear relation 2a t mi = exists among the m's (62) shows that the 
end of the corresponding curvature vectors will lie on a closed quadric 
in p-l dimensions which touches the faces of A. The foot of the 
perpendicular dropped from the point P on the space in which A 
lies corresponds to the directions on the surface satisfying the rela- 
tions 

(63) mi = ±»i2 = ±m-3 = ....= =**mp 

These curves then, 2 P_1 in number, are curves of minimum curvature. 
The first torsion of the path curves is given by the formula 

T = Imm&mt - mf)(Mfr)x(M r r) (f- 

This formula shows that the curves of zero torsion, excluding those 
corresponding to rotations in a space of less than 2 p dimensions, are 
those which satisfy relations (63). Hence these curves are plane 
curves, that is, circles. It is easy to show that the center of these 
curves is at the origin or at the intersection of the p invariant planes 
Mi. Other path curves are circles but these belong to rotations which 
leave one or more of the invariant planes absolutely fixed, that is, are 
equivalent to rotations in a lower space. 

The differential equations of the path curves are 

dxi dx2 dxi dxi 

— = mixt, — = — miXi, — = mtfCi, — = — m&z, 

at at at at 

One set of integrals of these equations is 

Xi 2 + xi = ai 2 , x£ + x£ = a 2 2 . . . .a; 2p _i 2 + x ip 2 = a p 2 



694 MOORE. 

and therefore the path curves all lie in a variety V p of order 2 P . The 
parameters equations of this variety are 

X\ = aicos Mi, X2 = aisin U\, 

»3 = CfeCOS Vq, Xi = 02sin «2, 



*2p-i = a P cos Up, Xi P = (ipSm u p . 
The element of arc then is 

ds? = ajdui* + afdirf + . . . . a p du 



2 



P 



which shows that V p can be developed on a plane space of p dimen- 
sions. A linear relation among the m's gives a variety of p-1 dimen- 
sions immersed in V p and it is easily shown that this is also developable. 
The path curves are geodesies on both varieties. 

For each point of V p there is a curvature p-point and these p-points 
all cut p fixed circles, one lying in each of the invariant planes M <. 



